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Abstract
Let X be an irreducible smooth projective curve over an algebraically closed field k of positive
characteristic and G a simple linear algebraic group over k. Fix a proper parabolic subgroup P of G
and a nontrivial anti-dominant character λ of P . Given a principal G-bundle EG over X, let EG(λ)
be the line bundle over EG/P associated to the principal P -bundle EG → EG/P for the character λ.
We prove that EG is strongly semistable if and only if the line bundle EG(λ) is numerically effective.
For any connected reductive algebraic group H over k, a similar criterion is proved for strongly
semistable H -bundles.
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1. Introduction
Let k be an algebraically closed field of positive characteristic and X a connected
smooth projective curve over k. Let F :X → X be the Frobenius morphism.
Let G be a connected reductive linear algebraic group over k. Let Z(G) ⊂ G be the
subgroup-scheme of G defined by its center. All parabolic subgroups of G contains Z(G).
Take a parabolic subgroup P ⊂ G and an anti-dominant character λ of P which is trivial
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G/P defined by λ is numerically effective.
Let EG be a principal G-bundle over X. So the projection EG → EG/P makes EG a
principal P -bundle over the projective variety EG/P . Let EG(λ) be the line bundle over
EG/P associated to this P -bundle over EG/P for the character λ of P .
A G-bundle EG is called semistable if for every pair (P,λ) of the above type and every
section σ :X → EG/P the pulled back line bundle σ ∗EG(λ) over X is of nonnegative
degree.
A G-bundle EG over X is called strongly semistable if the pullback of EG by the r-fold
self-composition of F is semistable for each r .
First take G to be a simple group. Fix once for all a proper parabolic subgroup P  G
and also fix a nontrivial anti-dominant character λ of P . So the line bundle over G/P
defined by λ is nontrivial and numerically effective.
We prove that a G-bundle EG over X is strongly semistable if any only if the line bundle
EG(λ) over EG/P is numerically effective (Theorem 3.1).
It is not difficult to see that EG/P is strongly semistable if EG(λ′) over EG/P ′ is
numerically effective for every pair (P ′, λ′), where P ′  G is a parabolic subgroup and
λ′ a nontrivial anti-dominant character of P ′. Theorem 3.1 says that it is enough to check
numerically effectiveness for just one pair.
Now let G be a connected reductive linear algebraic group over k. The quotient G/Z(G)
is a product of simple groups. The projection of a parabolic subgroup of G to a simple
factor of G/Z(G) is either surjective or it is a proper parabolic subgroup.
Fix a parabolic subgroup P ⊂ G that projects to a proper parabolic subgroup of each
simple factor of G/Z(G). Fix a character λ of P which is trivial on Z(G) and satisfying
the following condition: take any simple factor Gi ⊂ G/Z(G) and consider the parabolic
subgroup Pi of Gi defined by the image of P/Z(G); the character of P/Z(G) induced by
λ induces a nontrivial anti-dominant character of Pi .
We prove that a principal G bundle EG over X is strongly semistable if any only if the
associated line bundle EG(λ) over EG/P is numerically effective (Corollary 4.2).
Fix P and λ as above for the reductive group G. In Proposition 4.3 we prove the
following:
A principal G-bundle EG over X is strongly semistable if and only if for every
morphism
γ :Z → X,
where Z is a connected smooth projective curve over k, and every reduction EP ⊂ γ ∗EG
of structure group of γ ∗EG to P , the inequality degree(EP (λ) 0 holds, where EP (λ) is
the line bundle over Z associated to the P -bundle EP for the character λ of P .
If the base field k is of characteristic zero and algebraically closed, then all the results
proved here for strongly semistable principal bundles remain valid for semistable principal
bundles.
For k = C, consider a general stable G-bundle EG over a compact Riemann surface.
In [1] it is proved that the line bundle EG(λ) is ample on any closed proper subvariety
of EG/P . In an earlier work [2], numerically effectiveness is investigated for principal
bundles over a complex projective manifold.
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Let k be an algebraically closed field of characteristic p > 0. Let X be a connected
smooth projective curve over k.
A vector bundle E over X is called semistable if for any subbundle V ⊂ E of positive
rank the inequality
µ(V ) := degree(V )
rank(V )
 degree(E)
rank(E)
= µ(E)
is valid.
Let
F :X → X (2.1)
be the Frobenius morphism.
A vector bundle E over X is called strongly semistable if the vector bundle
E(r) := (F r)∗E = (
r-times︷ ︸︸ ︷
F ◦ · · · ◦ F)∗E
over X is semistable for all r  0, where F as in (2.1) is the Frobenius morphism (by F 0
we mean the identity map of X).
Given a vector bundle E over X we will denote by P(E) the projective bundle over X
defined by the space of all one dimensional quotients of the fibers of E. The tautological
line bundle over P(E) will be denoted by OP(E)(1).
Lemma 2.1. A vector bundle E over X of degree zero is strongly semistable if the line
bundle OP(E)(1) over P(E) is numerically effective.
Proof. Let E be a vector bundle over X of degree zero that satisfies the condition that
OP(E)(1) is numerically effective. Assume that E is not strongly semistable. So we have
an integer d  0 and a subbundle
V ⊂ E(d) := (F d)∗E (2.2)
such that degree(V ) > 0, where F as in (2.1) is the Frobenius morphism.
Note that we have a natural morphism
Ψ :P(E(d)) → P(E)
such that the diagram
P(E(d))
Ψ
P(E)
X
Fd
X
commutes and
Ψ ∗OP(E)(1) ∼=OP(E(d))(1). (2.3)
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p. 360, Proposition 2.2], from (2.3) it follows that the line bundleO
P(E(d))(1) over P(E(d))
is numerically effective.
Fix positive integers p0 and q0 such that
p0
q0
< µ(V ),
where V is the subbundle in (2.2). Fix a closed point x0 ∈ X. For any integer m 1, set
Wm := Symmq0(V ) ⊗OX(−mp0x0) ⊂ Symmq0(E(d)) ⊗OX(−mp0x0).
Fix m0 ∈ N such that
α0 := m0q0
(
µ(V ) − p0
q0
)
− g + 1 > 0, (2.4)
where g := genus(X). Note that µ(Symmq0(V )) = mq0 ·µ(V ). Therefore, Riemann–Roch
theorem for Wm0 gives
χ(Wm0) = rank(Wm0)
(
µ(Wm0) − g + 1
)= rank(Wm0)α0 > 0,
where χ(Wm0) := dimH 0(X,Wm0) − dimH 1(X,Wm0) is the Euler characteristic and α0
is defined in (2.4). Consequently,
dimH 0(X,Wm0) 1. (2.5)
Let f :P(E(d)) → X be the natural projection. Using the projection formula we have
H 0
(
X,Symm0q0(E(d)) ⊗OX(−m0p0x0)
)
∼= H 0(P(E(d)),OP(E(d))(m0q0) ⊗ f ∗OX(−m0p0x0)).
Fix a nonzero section
s0 ∈ H 0
(
P(E(d)),O
P(E(d))(m0q0) ⊗ f ∗OX(−m0p0x0)
) \ {0} (2.6)
which exists due to (2.5) and the fact that Wm0 is a subbundle of the vector bundle
Symm0q0(E(d)) ⊗OX(−m0p0x0). Let div(s0) be the effective divisor on P(E(d)) defined
by the section s0 in (2.6).
For a smooth projective variety M0 of dimension d0 over k, denoted by CHi (M0) is the
Chow group of codimension i cycles. Let
Γ : CHd0(M0) → Z (2.7)
be the cycle class map that sums the coefficients.
Since O
P(E(d))(1) is numerically effective and div(s0) is an effective divisor, we have
0 Γ
(
c1
(OP(E(d))(1))n−1 div(s0)) ∈ Γ (CHn(P(E(d))))= Z,
where n = rank(E) = dimP(E(d)) and Γ is as in (2.7). Since s0 is a section of the line
bundle O
P(E(d))(m0q0) ⊗ f ∗OX(−m0p0x0), the above inequality gives
Γ
(
c1
(O
P(E(d))(1)
)n−1 div(s0))= m0q0 · Γ (c1(OP(E(d))(1))n)− m0p0  0. (2.8)
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Since
Rif∗OP(E(d))(l) = 0
for all i, l > 0, using Grothendieck–Riemann–Roch theorem we have
χ
(
R0f∗OP(E(d))(l)
)= χ(O
P(E(d))(l)
)= Γ (c1(OP(E(d))(1))n)ln + ξ(l) (2.9)
for all l  1, where ξ(l) is a polynomial in l of degree at most n−1. But R0f∗OP(E(d))(l) ∼=
Syml (E(d)). As degree(E) = 0, we have
degree
(
Syml (E(d))
)= 0.
Also,
rank
(
Syml (E(d))
)=
(
n + l − 1
n− 1
)
.
Consequently, the Riemann–Roch theorem says that χ(R0f∗OP(E(d))(l)) is a polynomial
in l of degree n − 1. Therefore, from (2.9) it follows immediately that
Γ
(
c1
(O
P(E(d))(1)
)n)= 0.
This contradicts (2.8) as m0,p0  1 in (2.8). Hence E must be strongly semistable. This
completes the proof of the lemma. 
3. Criterion for strongly semistable principal bundles
Let H be a connected reductive linear algebraic group over the algebraically closed
field k of positive characteristic. A parabolic subgroup of H is a connected reduced closed
proper subgroup P  H with H/P complete. For a character
λ :P → Gm
of a parabolic subgroup P , we will denote by kλ the one-dimensional P -module defined
by λ using the multiplication action of Gm on the field k. We recall that a character λ of a
parabolic subgroup P ⊂ H is called anti-dominant if the associated line bundle
θλ := (H × kλ)/P (3.1)
over H/P has the property that H 0(H/P, θλ) 	= 0. (In the definition of θλ, the action any
α ∈ P sends any (z, c) ∈ H × k to (zα,λ(α)−1c).) Equivalently, λ is anti-dominant if θλ is
numerically effective.
Let X be a connected smooth projective curve over k and EH a principal H -bundle over
X. Let Z(H) ⊂ H be the subgroup-scheme defined by the center of H . The H -bundle EH
is called semistable if for any reduction of structure group EP ⊂ EH of EH over X to any
parabolic subgroup P ⊂ H , and any anti-dominant character λ :P → Gm trivial on Z(H),
the associated line bundle EP (λ) = (EP × kλ)/P over X is of nonnegative degree [9, p.
129, Definition 1.1; p. 131, Lemma 2.1].
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[9, p. 131, Lemma 2.1]. A vector bundle of rank n over X is semistable if and only if the
corresponding principal GL(n, k)-bundle over X is semistable.
A principal H -bundle EH over X is called strongly semistable if the H -bundle
(F r)∗EH over X is semistable for all r  0, where F as in (2.1) is the Frobenius morphism.
In the rest of this section we will assume that H is simple and will be denoted by G.
Fix a parabolic subgroup P ⊂ G and fix a nontrivial anti-dominant character λ of P .
Let EG be a principal G-bundle over X. The natural projection EG → EG/P makes
EG a principal P -bundle over EG/P . Let
Lλ := EG(λ) = (EG × kλ)/P (3.2)
be the line bundle over EG/P associated to this principal P -bundle EG over EG/P for the
character λ.
Theorem 3.1. A principal G-bundle EG over X is strongly semistable if and only if the
line bundle Lλ (defined in (3.2)) over EG/P is numerically effective.
Proof. We will prove the theorem assuming Propositions 3.2 and 3.3. These two
propositions will be proved later.
First assume that EG is strongly semistable.
Take any morphism
β :Z → EG/P,
where Z is an irreducible smooth projective curve over k. Let
q :EG/P → X (3.3)
be the natural projection. If q ◦ β is a constant map, then β∗Lλ (defined in (3.2)) is of
nonnegative degree. Indeed, this is an immediate consequence of the fact that the line
bundle θλ in (3.1) is numerically effective.
Note that the G-bundle (q ◦ β)∗EG over Z has a natural reduction of structure group to
P . The reduction σZ :Z → ((q ◦ β)∗EG)/P sends any z ∈ Z to the point defined by β(z)
using the natural isomorphism ((q ◦ β)∗EG)/P = (q ◦ β)∗(EG/P). Therefore, to prove
that β∗Lλ is of nonnegative degree it suffices to show that the G-bundle (q ◦ β)∗EG over
Z is semistable.
Since EG is strongly semistable, Proposition 3.3 says that (q ◦ β)∗EG is semistable.
Hence if EG is a strongly semistable principal G-bundle over X, then the line bundle Lλ
over EG/P defined in (3.2) is numerically effective.
To prove the converse, assume that Lλ is numerically effective.
Note that without loss of generality, we can assume that the line bundle θλ (defined in
(3.1)) over G/P is ample. Indeed, if θλ is not ample, then there is a parabolic subgroup
G  P1  P and a anti-dominant character λ1 :P1 → Gm such that τ ∗θλ = θλ1 , where
τ :G/P → G/P1 is the projection induced by the inclusion P ↪→ P1 and θλ1 = (G ×
kλ1)/P1 is the line bundle over G/P associated to the principal P1-bundle defined by
the projection G → G/P1 for the character λ1 of P1. The inclusion P ↪→ P1 induces a
projection
τˆ :EG/P → EG/P1
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Lλ ∼= τˆ ∗Lλ1, (3.4)
where Lλ1 = (EG × kλ1)/P1 is the line bundle over EG/P1 associated to the principal
P1-bundle defined by the projection EG → EG/P1 for the character λ1 of P1. Since Lλ
is numerically effective and τˆ is a fibration, it follows from (3.4) that the line bundle Lλ1
over EG/P1 is numerically effective [3, p. 360, Proposition 2.3]. So we can replace the
pair (P,λ) by (P1, λ1).
Therefore, in the proof of the theorem we will assume that θλ (defined in (3.1)) over
G/P is ample.
Let
E := R0q∗Lλ (3.5)
be the vector bundle over X, where q is the projection in (3.3). Note that E is the vector
bundle associated to EG for the left G-module H 0(G/P, θλ), where the associated line
bundle θλ is defined in (3.1).
Since λ is a nontrivial anti-dominant character of P , we conclude that H 0(G/P, θλ)
is a nontrivial G-module. Therefore, the G-bundle EG is strongly semistable if the vector
bundle E in (3.5) is strongly semistable (see Proposition 3.2).
Assume that E in (3.5) is not strongly semistable.
Since G is simple, it acts trivially on the line
∧top H 0(G/P, θλ). Therefore, from
the earlier remark that E is the vector bundle associated to EG for the left G-module
H 0(G/P, θλ) it follows immediately that the line bundle
∧top
E is trivial, in particular, we
have degree(E) = 0. Therefore, Lemma 2.1 says that there is morphism
φ :Y → X, (3.6)
where Y is a connected smooth projective curves over k such that φ∗E has a line subbundle
L⊂ φ∗E
with degree(L) > 0.
Fix a closed point y0 ∈ Y of the curve in (3.6). As done in the proof of Lemma 2.1, set
W := L⊗2(gY +1) ⊗OY
(−(gY + 1)y0),
where gY = genus(Y ). Therefore, the Euler characteristic χ(W) satisfies the following
inequality
dimH 0(Y,W) χ(W) = 2(gY + 1)degree(L) − gY − 1 − gY + 1 > 0 (3.7)
as degree(L) 1.
For notational convenience, the principal G-bundle φ∗EG over Y , where φ is defined
in (3.6), will be denoted by E′G.
Let Mλ = (E′G × kλ)/P be the line bundle over E′G/P associated to the principal P -
bundle defined by the quotient map E′G → E′G/P for the character λ of P . Let
f :E′G/P → Y
be the natural projection. We have
768 I. Biswas, A.J. Parameswaran / Bull. Sci. math. 128 (2004) 761–773W = L⊗2(gY +1) ⊗OY
(−(gY + 1)y0)
⊂ (R0f∗M⊗2(gY+1)λ ) ⊗OY
(−(gY + 1)y0). (3.8)
So the projection formula gives
H 0
(
X,R0f∗M⊗2(gY+1)λ ⊗OY
(−(gY + 1)y0))
∼= H 0(E′G/P,M⊗2(gY+1)λ ⊗ f ∗OY (−(gY + 1)y0)). (3.9)
Now, from (3.7), (3.8) and (3.9) it follows immediately that
dimH 0
(
E′G/P,M
⊗2(gY +1)
λ ⊗ f ∗OY
(−(gY + 1)y0)) 	= 0.
Fix a nonzero section
s0 ∈ H 0
(
E′G/P,M
⊗2(gY +1)
λ ⊗ f ∗OY
(−(gY + 1)y0)) \ {0}. (3.10)
Let div(s0) be the effective divisor on E′G/P defined by the section s0.
Note that there is a natural commutative diagram of morphisms
E′G/P
ψ
f
EG/P
Y
φ
X
and Mλ ∼= ψ∗Lλ. Since Lλ is numerically effective we conclude that Mλ is also
numerically effective [3, p. 360, Proposition 2.2].
Since Mλ is numerically effective and div(s0) constructed in (3.10) is an effective
divisor, we have
0 Γ
(
c1(Mλ)
δ−1 div(s0)
) ∈ Γ (CHδ(E′G/P))= Z,
where δ = dimE′G/P = 1 + dimG/P and Γ is as in (2.7).
Since s0 in (3.10) is a section of M⊗2(gY+1)λ ⊗f ∗OY (−(gY +1)y0), the above inequality
gives
Γ
(
c1(Mλ)
δ−1 div(s0)
)= 2(gY + 1)Γ (c1(Mλ)δ)− (gY + 1)κ  0 (3.11)
with κ = ΓG/P (c1(θλ)δ−1) ∈ Γ (CHdimG/P (G/P)) = Z, where θλ is the line bundle in
(3.1) and ΓG/P is the homomorphism in (2.7) for G/P . The first equality in (3.11) follows
immediately from that fact that Γ (c1(Mλ)δ−1f ∗OY (y0)) = ΓG/P (c1(Mλ)δ−1).
Note that since θλ is ample the constant κ in (3.11) satisfies the inequality κ > 0.
We will now show that Γ (c1(Mλ)δ) = 0.
For the line bundle θλ in (3.1) we have Hi(G/P, θ⊗lλ ) = 0 for all i, l > 0 [7, p. 38,
Theorem 3(ii)]. Consequently,
Rif∗M⊗lλ = 0
for all i, l > 0, and hence
χ(R0f∗M⊗lλ ) = χ(M⊗lλ ), (3.12)
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have
χ(M⊗lλ ) = Γ
(
c1(Mλ)
δ
)
ln + ξ(l) (3.13)
for l  1, where ξ(l) is a polynomial of degree at most δ − 1 = dimG/P .
Note that R0f∗M⊗lλ is the vector bundle over X associated to the G-bundle EG for
the left G-module H 0(G/P, θ⊗lλ ), where θλ is defined in (3.1). Since G is simple, it acts
trivially on the line
∧top
H 0(G/P, θ⊗lλ ). Hence
∧top
R0f∗M⊗lλ is a trivial line bundle, in
particular, we have
degree(R0f∗M⊗lλ ) = 0.
On the other hand, using the Grothendieck–Riemann–Roch theorem for the line bundle θ⊗lλ
we conclude that rank(R0f∗M⊗lλ ) is a polynomial in l of degree at most dimG/P = δ.
Therefore, using the Riemann–Roch theorem for R0f∗M⊗lλ we conclude from (3.12)
and (3.13) that
Γ
(
c1(Mλ)
δ
)= 0.
This contradicts (3.11) as κ in (3.11) is a positive integer. Hence the vector bundle E over
X defined in (3.5) must be strongly semistable. Therefore, EG is strongly semistable and
the proof of the theorem is complete. 
Proposition 3.2. Let EG be a principal G-bundle over X, where G be a simple linear
algebraic group over k and V a finite dimensional nontrivial left G-module. If the
associated vector bundle EG(V ) = (EG × V )/G over X is semistable (respectively,
strongly semistable), then EG is also semistable (respectively, strongly semistable).
Proof. Since G is simple, the reduced kernel of the homomorphism
ρ :G → SL(V ) (3.14)
defined by the action of G on V is trivial.
Fix a maximal parabolic subgroup Q ⊂ G. Let Ru(Q) ⊂ Q be the unipotent radical of
Q [4, p. 125]. Let
V Ru(Q) ⊂ V
be the subspace fixed pointwise by Ru(Q). Since the reduced kernel of ρ in (3.14) is trivial
and Ru(Q) is unipotent, we conclude that V Ru(Q) is a proper subspace of V of positive
dimension. Let Q′ ⊂ SL(V ) be the maximal parabolic subgroup that leaves the subspace
V Ru(Q) invariant. Since Ru(Q) is a normal subgroup of Q, we have ρ(Q) ⊂ ρ(G) ∩ Q′,
where ρ is as in (3.14).
Since G is simple and V is an irreducible G-module, we have ρ−1(ρ(G) ∩ Q′) as a
proper subgroup-scheme of G. From the fact that Q ⊂ G is a maximal parabolic subgroup
it follows that (ρ−1(ρ(G) ∩Q′))red = Q. Let
ι :G/Q → SL(V )/Q′ (3.15)
be the induced map.
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is a positive multiple of the ample generator of Pic(G/Q).
Let σ :X → EG/Q be a reduction of structure group of EG to Q. Let EG(SL(V )) =
(EG×SL(V ))/G be the principal SL(V )-bundle obtained by extending the structure group
of EG using ρ; the action of any α ∈ G sends any (z,A) ∈ EG × SL(V ) to (zα,ρ(α)−1A).
Using σ we have a section
σ ′ :X → EG
(
SL(V )
)
/Q′
defined by σ ′(x) = {(σ (x), IdV )}, where {(σ (x), IdV )} is the image of (σ (x), IdV ) ∈
(EG/Q) × SL(V ) in ((EG × SL(V ))/G)/Q′.
Let ν ∈ Q be such that
ν · c1
(
T (G/Q)
)= c1(ι∗T (SL(V )/Q′)), (3.16)
where ι is constructed in (3.15). From the earlier observation we know that ν > 0.
Now, from (3.16) it follows immediately that ν · c1(σ ∗Trel) = c1((σ ′)∗T ′rel), where Trel
(respectively, T ′rel) is the relative tangent bundle for the projection of EG/Q (respectively,
EG(SL(V ))/Q′) to X.
Since ν > 0, we have degree(σ ∗Trel)  0 provided degree((σ ′)∗T ′rel)  0. In other
words, if EG(SL(V )) is semistable, then EG is semistable.
Let F as in (2.1) be the Frobenius morphism of X. Note that the pullback F ∗EG(SL(V ))
is canonically identified with (F ∗EG)(SL(V )), the principal SL(V )-bundle obtained by
extending the structure group of the G-bundle F ∗EG using ρ in (3.14). Consequently,
using the above assertion that EG is semistable if EG(SL(V )) is so it follows that the G-
bundle EG is strongly semistable if the principal SL(V )-bundle EG(SL(V )) is strongly
semistable. This completes the proof of the proposition. 
Proposition 3.3. Let EG be a strongly semistable G-bundle over X and
γ :Z → X
a morphism from an irreducible smooth projective curve Z over k. Then the pullback γ ∗EG
is a strongly semistable G-bundle over Z.
Proof. Let V be a finite dimensional faithful left G-module over k. Let E := EG(V ) be
the vector bundle over X associated to EG for the G-module V . If E is strongly semistable,
then EG is strongly semistable (Proposition 3.2). Conversely, if EG is strongly semistable,
then the vector bundle E is strongly semistable [8, p. 288, Theorem 3.23]. Therefore, it is
enough to prove the proposition for a vector bundle over X.
Let E be a strongly semistable vector bundle over X. If Z = X and γ is the Frobenius
morphism in (2.1), then γ ∗E is, by definition, strongly semistable.
Now assume that γ is a separable dominant morphism. We will show that γ ∗E is a
semistable vector bundle over Z. Let
γ1 :Z1 → Z
be a separable morphism such that γ ◦ γ1 makes Z1 a Galois covering of X.
I. Biswas, A.J. Parameswaran / Bull. Sci. math. 128 (2004) 761–773 771If (γ ◦ γ1)∗E is semistable then clearly γ ∗E is semistable. Assume that (γ ◦ γ1)∗E is
not semistable. Let
E′ ⊂ (γ ◦ γ1)∗E
be the maximal semistable subbundle of (γ ◦ γ1)∗E, or in other words, E′ is the first
term in the Harder–Narasimhan filtration of (γ ◦ γ1)∗E. The uniqueness of the Harder–
Narasimhan filtration implies that E′ is left invariant by the natural lift of the action of
the Galois group (for the covering γ ◦ γ1) to (γ ◦ γ1)∗E. Consequently, E′ descends to
a subbundle of E. This descended subbundle of E clearly contradicts the semistability
condition of E. Therefore, we conclude that γ ∗E is semistable.
If f :Y1 → Y2 is any morphism of varieties over k, then F2 ◦ f = f ◦F1 as morphisms
from Y1 to Y2, where Fi , i = 1,2, is the Frobenius morphism of Yi . This immediately
implies that γ ∗E is strongly semistable.
A dominant morphism f :Y1 → Y2 between two irreducible smooth projective curves
over k factors as f = fs ◦ fis where fis is a power of the Frobenius morphism of Y1 and
fs is a separable morphism from Y1 to Y2 [6, VII, §7, p. 187, Proposition 11]. (Use this
proposition of [6] for function field of curves to get this assertion.)
Therefore, γ ∗E is a strongly semistable vector bundle over Z. This completes the proof
of the proposition. 
4. Reductive structure group
Let Gi , 1 i  l, be simple linear algebraic groups over k. Set
G =
l∏
i=1
Gi.
Given a principal G-bundle EG over X, let EGi denote the principal Gi -bundle obtained
by extending the structure group of EG using the natural projection of G to Gi . So,
EGi = (EG × Gi)/G, where the action of any α ∈ G sends any (z, gi) ∈ EG × Gi to
(zα, qi(α)
−1gi) with qi :G → Gi being the natural projection.
A principal G-bundle EG over X is semistable if and only if EGi is semistable for each
i ∈ [1, l]. Indeed, this follows immediately from the fact that any parabolic subgroup of G
is of the form
∏l
i=1 Pi , where Pi is either a parabolic subgroup of Gi or Pi = Gi .
Therefore, Theorem 3.1 has the following corollary:
Corollary 4.1. Fix a parabolic subgroup P := ∏li=1 Pi ⊂ G, where Pi , 1  i  l, is a
(proper) parabolic subgroup of Gi . Fix a character λ of P such that the restriction of λ
to each Pi is nontrivial and anti-dominant. A principal G-bundle EG over X is strongly
semistable if and only if the associated line bundle EG(λ) = (EG × kλ)/P over EG/P is
numerically effective.
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center, which is a subgroup-scheme of H . The quotient H/Z(H) is a product of simple
groups [5, p. 5, §0.9]. So
H/Z(H) =
l∏
i=1
Gi,
where each Gi is a simple linear algebraic group over k.
Given a principal H -bundle EH over X, let EH(H/Z(H)) = (EH × (H/Z(H)))/H
be the principal H/Z(H)-bundle obtained by extending the structure group of EH using
the natural projection of H to H/Z(H).
A principal H -bundle EH over X is semistable if and only if EH(H/Z(H)) is
semistable. Indeed, since Z(H) is the intersection of all maximal tori of H , any parabolic
subgroup of H contains Z(H). Therefore, a parabolic subgroup of H is the inverse image,
by the projection of H to H/Z(H), of a parabolic subgroup of H/Z(H).
Therefore, Corollary 4.1 has the following corollary:
Corollary 4.2. Let H be a connected reductive linear algebraic group over k and Z(H) ⊂
H its scheme theoretic center. Fix a parabolic subgroup P ⊂ H such that the projection
of P to each simple factor of H/Z(H) is a proper subgroup (hence the projection is
a parabolic subgroup). Fix a character λ of P which is trivial on Z(H) and satisfies
the condition that for each simple factor Hi ⊂ P/Z(H) the character of the parabolic
subgroup (P/Z(H))∩Hi ⊂ Hi obtained by restricting the character of P/Z(H) induced
by λ is both nontrivial and anti-dominant character. A principal H -bundle EH over X is
strongly semistable if and only if the associated line bundle EH(λ) = (EH × kλ)/P over
EH/P is numerically effective.
Let H be a connected reductive linear algebraic group over k. Fix P and λ as in
Corollary 4.2. In other words, P ⊂ H is a parabolic subgroup that projects to each simple
factor of H/Z(H) as a proper subgroup, and the character λ of P is trivial on Z(H) with
the induced character of P/Z(H) being nontrivial anti-dominant on each simple factor of
H/Z(H).
Proposition 4.3. A principal H -bundle EH over X is strongly semistable if and only if for
every morphism
γ :Z → X,
where Z is a connected smooth projective curve over k, and every reduction EP ⊂ γ ∗EH
of structure group of γ ∗EH to P , the associated line bundle EP (λ) = (EP × kλ)/P over
Z is of nonnegative degree.
Proof. Assume that degree(EP (λ))  0 for all reduction EP of the above type. We will
show that the line bundle EH(λ) over EH/P (defined in Corollary 4.2) is numerically
effective.
Take any morphism γ1 :Z → EH/P , where Z is a connected smooth projective curve
over k. Set γ = q ◦ γ1, where q is the natural projection of EH/P to X. As we noted in
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EP ⊂ γ ∗EH to P which is constructed using the morphism γ1.
From the constructions of the line bundle EH(λ) (in Corollary 4.2) and the reduction EP
it follows immediately that the line bundle γ ∗1 EH(λ) over Z is canonically identified with
the line bundle EP (λ) = (EP × kλ)/P associated to the P -bundle EP for the character
λ of P . Therefore, the given condition that degree(EP (λ))  0 implies that γ ∗1 EH (λ) is
of nonnegative degree. Consequently, the line bundle EH(λ) over EH/P is numerically
effective. Hence by Corollary 4.2 the H -bundle EH is strongly semistable.
If EH is a strongly semistable H -bundle over X, using Proposition 3.3 it is straight-
forward to deduce that γ ∗EH over Z is semistable for any morphism γ as in the
statement of the proposition. Therefore, by definition of semistability, degree(EP (λ)) 0
for every reduction of structure group EP ⊂ γ ∗EH to EP . This completes the proof of the
proposition. 
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